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Quantum Query Algorithms
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Example (1 qubit): 
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For Boolean function 𝑓: 0,1 → 0,1 :

• What if 𝑓 0 = 𝑓(1)?
• What if 𝑓 0 ≠ 𝑓(1)?
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Feynman Path Diagram
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Consider function: 𝑓 0 = 0, 𝑓 1 = 1
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Consider function: 𝑓 0 = 0, 𝑓 1 = 0

(Derive on board)



Quantum Query Algorithms
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Example (1 qubit): 

𝑂!
±𝐻|0⟩
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Comparison: To distinguish 𝑓 0 = 𝑓(1) or 𝑓 0 ≠ 𝑓 1 :
• Quantumly, we query oracle 𝑂!

± only once. 
• Classically, we need to query function 𝑓 at least twice.
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Deutsch-Jozsa Algorithm
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Constant function: 𝑓 𝑥 = 0

Derive on board: how does the state evolve in case of each scenario?

Consider function 𝑓: 0,1 # → 0,1 :
• Constant function: 

• 𝑓 𝑥 = 𝑓 𝑦 , ∀𝑥, 𝑦.
• Balanced function: 

• 𝑓 𝑥 = 0 for half of inputs, and 𝑓 𝑥 = 1 for the other half.
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Deutsch-Jozsa Algorithm

Constant function: 𝑓 𝑥 = 0

Consider function 𝑓: 0,1 # → 0,1 :
• Constant function: 

• 𝑓 𝑥 = 𝑓 𝑦 , ∀𝑥, 𝑦.
• Balanced function: 

• 𝑓 𝑥 = 0 for half of inputs, and 𝑓 𝑥 = 1 for the other half.
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Deutsch-Jozsa Algorithm

𝑋 𝐻

𝑂!
± =

𝐻 𝑋Ancilla 0 0

For balanced function: 𝑂!
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𝑓 001 = 1
𝑓 010 = 1
𝑓 100 = 1
𝑓 110 = 1

𝑓 000 = 0
𝑓 011 = 0
𝑓 101 = 0
𝑓 111 = 0

Balanced function:

Consider function 𝑓: 0,1 # → 0,1 :
• Constant function: 

• 𝑓 𝑥 = 𝑓 𝑦 , ∀𝑥, 𝑦.
• Balanced function: 

• 𝑓 𝑥 = 0 for half of inputs, and 𝑓 𝑥 = 1 for the other half.

𝐻|0⟩

𝜓) 𝜓*

𝐻 𝑍

𝐻|0⟩ 𝐻 𝑍

𝐻|0⟩ 𝐻 𝑍

𝑂!
±

…

𝜓+

7



Deutsch-Jozsa Algorithm

𝑓 001 = 1
𝑓 010 = 1
𝑓 100 = 1
𝑓 110 = 1

𝑓 000 = 0
𝑓 011 = 0
𝑓 101 = 0
𝑓 111 = 0

Consider function 𝑓: 0,1 # → 0,1 :
• Constant function: 

• 𝑓 𝑥 = 𝑓 𝑦 , ∀𝑥, 𝑦.
• Balanced function: 

• 𝑓 𝑥 = 0 for half of inputs, and 𝑓 𝑥 = 1 for the other half. Balanced function:
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Comparison: To distinguish constant or balanced:
• Quantumly, we query oracle 𝑂!

± only once. 
• Classically, we need to query function 2#%& + 1 times (worst case). 8



Boolean Fourier Transform (𝐻⊗")
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Derive on board: What is 𝐻⊗- 𝑥 ?
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𝑥: 00      01     10      11 𝑦:
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𝑦 𝐻⊗+ 𝑥

What is 𝐻⊗+ 𝑥 ? Write 𝛼#. in terms of 𝑥, 𝑦?

To get the sign correct:

=(
.

𝛼#. 𝑦



Boolean Fourier Transform (𝐻⊗")
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Bernstein-Vazirani Algorithm

Function with secret string 𝑠:

𝑓 𝑥 = 𝑥 ⋅ 𝑠 =(
3

𝑥3𝑠3 (mod 2)
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For secret function: 𝑂!
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Secret string: 𝑠 = 101

𝑓 𝑥 =7
*

𝑥*𝑠* mod 2 = 𝑥+ + 𝑥, mod 2 = 𝑥+⊕𝑥,
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Bernstein-Vazirani Algorithm

Function with secret string 𝑠:

𝑓 𝑥 = 𝑥 ⋅ 𝑠 =(
3

𝑥3𝑠3 (mod 2)
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Secret string: 𝑠 = 101

𝑓 𝑥 =7
*

𝑥*𝑠* mod 2 = 𝑥+ + 𝑥, mod 2 = 𝑥+⊕𝑥,
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Quantum v.s. Classical

Function with secret string 𝑠:

𝑓 𝑥 = 𝑥 ⋅ 𝑠 =(
3

𝑥3𝑠3 (mod 2)

Quantumly, we can reveal the string 𝑠 by querying 𝑂!
± only once.

Classically, what’s a good strategy to learn the string 𝑠? At least 𝑛 queries to function 𝑓 is necessary!


