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Power of Phase Oracles

Revealing “patterns” in f:{0,1}" - {0,1}:

10) o p » (Deutsch-Jozsa) Distinguishing either constant/balanced functions:
H _—
* f(x) outputs consistently or equal mix of Os and 1s.
|0) H + HHZ . — . . :
Of * (Bernstein-Vazirani) Extracting secret string s from a function:
10) ' H oL ¢ f(x) =x-5=72;x;5; (mod2), forsomes € {0,1}".
@ 10000) -
|0010) -
Quantum Algorithmic Recipe: [etoars
1. Superposition: H®" '0”0"
|1000) -
2. Query: Ofi = er{o,l}n(_l)f(x)|x><x| (BT E—
3. Interference: HO™ |1100) -
] |1110) -
0 1

Bernstein-Vazirani: secret string 101



Can We Do More with Bit Oracles?

i 0) — H HIHzZ Bit Oracle:
n< 10)— H HHz |x)7nL0 %)
| 0 02— Irw)
_10)— H f HHZz
m; 10) _ Z What patterns of f can we reveal?
_10) ' Z

Bit oracle for function f:{0,1}" - {0,1}™

0 = z x| ® (X @ @ .. @ XS m-r)
x€{0,1}" 5



Can You Guess the Period?

Boolean function f:{0,1}3 - {0,1}2 Input: x Output: f(x)

Promise: this is a periodic function: 000 01
Vx, f(x) = f(x @ s) for some non-zero s. 001 10
Bit-wise add (mod 2): x ® s = (xg @ 59, %1 D 51, e, Xp—q1 D Sy—1) 010 10
Eg., 1104 010 =100 011 01
100 11

Question: What is the period s?
101 00
Input: x Output: f(x) 110 00
000 000 01 111 11

0006p 011 011 01
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Input: x Output: f(x)

Can You Guess the Period? o »
Boolean function f:{0,1}°> - {0,1}3

Promise: this is a periodic function:

01110 111
vx, f(x) = f(x @ s) for some non-zero s.
10000 111
. . . 10001 010
Question: What is the period s?
10011 100
Input: x Output: f(x) 1:1:: 1::
00000 00000 101 10111 000
01000 01000 101 - o
00000 6 10110 10110 101 11010 001
01000 @ 10110 11110 101 o S
11101 110
11110 101

5
11111 000



Quantum Strategy: Finding Period with a Bit Oracle

o—{ - ¢ 1) = =3 10)
0y —m - b © 1) = 7= Rl F()
10) : Of * Derive on board: What is [{3)?
IE— H [ _i_
10) . + [P3) = \/%Zx:f(x)zclx)lc) if measured c.
|O> —'— Example:

1
lY3) = E(IOOOOO)IlOl} +101000)}101) + [10110)}101) + [11110){101))

Y1) |¥2)
* How do we learn period s from [13)?
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Fourier Sampling

Fourier Sampling

| | s h
| i 1
0)—H - HHz * Y1) =?2xlx>|0>
10y — H H L7 * Yo = ﬁ2x|x>|f(x))
‘ . _ 1 |} ) +|xDs) c)
0)— 0 Y - HHHz ¥3) = F=drm=c
i S /
10) _ Z Derive on board (Fourier sampling):
0) -zl HE"[1ps)

e What is the measurement outcome?

W) I lws) )

* How to learn period s from the measurement outcome?
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Input: x Output: f(x)

F * S |‘ 000 01
ourler sampiing oo “
010 10
v 011 01
(A 100 11
|0) H HHZ
A\ 101 00
|0)— H HHZ 110 00
5 0 A 111 11
10)— H f HHz
;_@J
|0>— 7 it |00000)
. , R |
10) ’ ? 100011)
- s =——
\ -
[¥3) _ - |01100)
lY3) = i(IOOO)IOO) +1011)|00) + |100)|00) + [111)|]00) + : |8111’£) |
|000)01) + |011)}01) + |100)[01) + |111)[01) + \ CEE T
1000)[10) + |011)]10) + [100)|10) + |111)]10) + o | 10010,
|000)|11)+|011)|11)+|100)|11)+|111)|11)) <
'\ - |11101)
If we measure y = 011, what do we know about s? . ! N [11111)

Yale D



Classical Processing

* |f we measured y = 000
 What do we know about s?
Observation: 0-Sg+0-5;+0-s, =0 (mod 2)

Amplitude on |y) isnon-zero, if y - s = 0. + If we measured y = 100

e What do we know about s?

Example: _ ,
Fourier Sampling 1-54+0-s;4+0-s, =0 (mod2)
s N 5o = 0
|0) H H 5 2 * Let’s repeat! We measured y = 011
10) . Ay Measured: y  What do we know about s?
: 0-so+1-s1+1-s, =0 (mod 2)
' So=0 s1Ps, =0
10) o Of ny 0 1 2
S J e Derive on board: How many times do we need to repeat?
|0) A _ _
_ Y1
; Measured: ¢ — 5, = |[
|0) Z : s| =0 (over Fy)
|

Yn-1



Quantum v.s. Classical
Given an oracle Of to function f:{0,1}" — {0,1}"*, s.t. f(x @ s) = f(x), Vx, for some s € {0,1}".
Quantumly, we need only O(n) queries to O.

Classically, this is really hard: = V2™ queries to f. (“Birthday Paradox”)

* Simon’s “period finding” algorithm finds a hidden pattern in a black-box function.
» Thisis the inspiration for my factoring algorithm. — Peter Shor
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