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Outline
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2. Multi-Qubit Unitary: 𝐻, 𝑇, 𝐶𝑁𝑂𝑇 gates are universal.

1. Single-Qubit Unitary: 𝐻, 𝑇 gates are universal. Visual evidence.

Simple linear-algebraic proof.



Single-Qubit Unitary Gates
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𝐻 =
1

2

1 1
1 −1

, 𝑇 =
1 0
0 𝑒−𝑖𝜋/4

After H,S,H,T,H,T gates.

𝑇 = 𝑅𝑍 𝜋/4

2D Rotation 3D Rotation
𝑅𝑧 𝛽  𝑅𝑥 𝛼𝑅 𝜃

Discrete Gates

Universal:     𝑅 𝜃  by irrational angle 𝐻, 𝑅𝑍 𝜃 𝐻, 𝑇



𝐻, 𝑇 gates are universal!
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Gate sequence: H,S,H,T,H,T, (states in Fig (a)) H,T,H,T,H,T,H,T,H,T,S,H,T,H,T,H,T,H,T,S,H,T,H,T,H, (states in Fig (b))

Synthesizing arbitrary z rotations using H, S, and T:
• Solovay-Kitaev: #𝑇 = 𝑂 log𝑐 Τ1 𝜖 , 𝑐 ≈ 3
• Ross-Selinger: #𝑇 = 𝑂(log Τ1 𝜖 + log log Τ1 𝜖 )

After H,S,H,T,H,T gates.

T,H,T,H,T,S,H,T,S,H,T,H,T,H,T,H,T,H,T,S,H,T,H,T,H,T,S,H,T,S,H,T,H,T,S,H,T,S,H,T,S,H,T,H,T,H,T,H,T,S,H,T,H,T,H,T,H,T,H,T,S,H,T,S,H,T,H,T,S,H,T,H,T,S,H,T,S,H, (states in Fig (c))

T,S,H,T,S,H,T,H,T,S,H,T,S,H,T,S,H,T,S,H,T,H,T,H,T,S,H,T,S,H,T,S,H,T,H,T,H,T,H,T,S,H,T,H,T,S,H,T,H,T,H,T,S,H,T,H,T,H,T,H,T,S,H,T,H,T,S,H,T,H,T,S,H,T,S,H,T,S,H,T,H,T, (states in Fig (d))

H,T,H,T,H,T,H,T,H,T,S,H,T,H,T,S,H,T,H,T,H,T,S,H,T,S,H,T,H,T,H,T,S,H,T,S,H,T,S,H,T,H,T,S,H,T,H,T,H,T,H,T,S,H,T,S,H,T,S,H,S,S,S (states in Fig (e))

Single-Qubit Unitary

𝐻 =
1

2

1 1
1 −1

, 𝑇 =
1 0
0 𝑒−𝑖𝜋/4

𝑅𝑧 𝜋/128 |+⟩ 
(up to 𝜖 = 10−10)



Hadamard Gate
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Rotation about axis ℎ  by 180°: 𝑅 ො𝑛 𝜋 , where ො𝑛 =
ො𝑥+ Ƹ𝑧

2

𝑅 ො𝑛 𝜋 = 𝑒
−

𝑖𝜋
2

𝑋+𝑍

2 = −𝑖𝐻

Example: 𝐻 =
1

2

1 1
1 −1

=
𝑋+𝑍

2

Reflection about ℎ = cos Τ𝜋 8 0 + sin Τ𝜋 8 1
2 ℎ ℎ − 𝐼 = 𝐻

(Up to global phase.) 



Two-Qubit Unitary: Controlled-H Gate

c-H =  
𝐼 0
0 𝐻

.

𝐻 0 0 ⊗ 𝐼 + 1 1 ⊗ 𝐻

Recall: 𝑅 ො𝑛 𝜋 = −𝑖𝐻 (same up to global phase) 

What about c-𝐻  v.s. c-𝑅 ො𝑛 𝜋  where ො𝑛 =
ො𝑥+ Ƹ𝑧

2
? 

c-𝑅 ො𝑛 𝜋  =  
𝐼 0
0 −𝑖𝐻

.

𝑅 ො𝑛 𝜋 0 0 ⊗ 𝐼 − 𝑖 1 1 ⊗ 𝐻

Differ by a relative phase!

𝐻 𝑅 ො𝑛 𝜋

=

𝑅𝑧

𝜋

2

𝐼 0
0 𝐻

=
𝐼 0
0 𝑖𝐼

⋅
𝐼 0
0 −𝑖𝐻

How to fix this? How to implement c-𝐻 using c-𝑅 ො𝑛 𝜋 ? 
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Controlled-H Gate from Single-Qubit Gates and CNOT

𝐵 𝐴

Implement c-H with CX and single-qubit gates?

• If control==0:
• AB is applied

• If control==1:
• AXB is applied

We want to find 𝐴, 𝐵 such that: 
• 𝐴𝐵 = 𝐼
• 𝐴𝑋𝐵 = 𝐻
What are A and B?

𝐻 = 𝑅𝑦

𝜋

4
𝐻𝑋𝐻𝑅𝑦 −

𝜋

4

Example: controlled Hadamard (c-H) gate

c-H =  
𝐼 0
0 𝐻

.

𝐻 0 0 ⊗ 𝐼 + 1 1 ⊗ 𝐻

𝐻 𝐻𝑅𝑦

−𝜋

4
𝑅𝑦

𝜋

4

𝐻 = 𝑅𝑦

𝜋

4
𝑍𝑅𝑦 −

𝜋

4
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Changing Rotation Axis

𝑋𝑅𝑧 𝜃 𝑋 = 𝑅𝑧(−𝜃) 𝑋𝑅𝑦 𝜃 𝑋 = 𝑅𝑦(−𝜃) 𝑋𝑅𝑥 𝜃 𝑋 = 𝑅𝑥(𝜃)

Ƹ𝑧
 X 

− Ƹ𝑧 ො𝑦
 X 

− ො𝑦 ො𝑥
 X 

ො𝑥
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X axis Z axis

 𝐻 

Y axis X axis

Z axis Y axis

 𝑆† 

 𝑆𝐻 

𝐻𝑋𝐻 = 𝑍

𝑆†𝑌𝑆 = 𝑋

𝑆𝐻𝑍𝐻𝑆† = 𝑌



Controlled-U Gate from Single-Qubit Gates and CNOT

Controlled-U Gate (“quantum if-else”):

C-U =  
𝐼 0
0 𝑈

.

𝑈 0 0 ⊗ 𝐼 + 1 1 ⊗ 𝑈

𝐶 𝐵

Implement c-U with CX and single-qubit gates?

Recipe: We can always find 𝐴, 𝐵, 𝐶 such that: 
• 𝐴𝐵𝐶 = 𝐼
• 𝐴𝑋𝐵𝑋𝐶 = 𝑒−𝑖𝜙𝑈

𝐴

𝑅𝑧 𝜙 Derive on board:

𝑒−𝑖𝜙𝑈

= 𝑅𝑧 𝜃3 𝑅𝑦

𝜃2

2
𝑋𝑅𝑦

−𝜃2

2
𝑅𝑧

−𝜃1

2
𝑅𝑧

−𝜃3

2
𝑋𝑅𝑧

−𝜃3

2
𝑅𝑧

𝜃1

2

𝐴 𝐵 𝐶

Take any single-qubit unitary: 

𝑒−𝑖𝜙𝑈 = 𝑅𝑧 𝛾  𝑅𝑥 𝛽  𝑅𝑧 𝛼

Let 𝜃1 = 𝛼 +
𝜋

2
, 𝜃2 = 𝛽, 𝜃3 = 𝛾 −

𝜋

2
,

𝑒−𝑖𝜙𝑈 = 𝑅𝑧 𝜃3  𝑅𝑦 𝜃2  𝑅𝑧 𝜃1
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Multi-Qubit Unitary Synthesis

Computational Universality Theorem:
Any 𝑛-qubit unitary can be synthesized by single-qubit and two-qubit gates.  

Example: Universal instruction set 𝐻, 𝑇, 𝐶𝑋 .

Toffoli gate 
(controlled-CX)

𝐻 𝑇 𝑇†𝑇†

𝑇

𝐻

𝑇

𝑇

𝑇𝐻

𝑇† 𝑇†

𝑇

𝑇†

𝐻

Minimal in T count 
and in T depth.

[Amy et. al. 2013]

𝑇

𝑇

𝑇† Minimal in CX count.
[N&C. 2000]
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Proof Sketch for the Universality Theorem

Computational Universality Theorem:
Any 𝑛-qubit unitary can be synthesized by single-qubit and two-qubit gates.  

Proof outline:

• Two-qubit gates are necessary.

• Two-qubit gates are sufficient:

• Any 𝒏-qubit unitary can be decomposed into a product of block-diagonal matrices.

• Each block-diagonal matrices can be decomposed into a product of two-qubit gates.

Why?

Block-diagonal matrix: 𝛤𝑗 𝑉 =

1
⋱

1
𝑣00 𝑣01

𝑣10 𝑣11

1
⋱

1

𝐼𝑗−1: 𝑗 − 1 × 𝑗 − 1  identity matrix

𝐼𝑑−𝑗+1: 𝑑 − 𝑗 + 1 × 𝑑 − 𝑗 + 1

identity matrix

𝑉: 2 × 2 unitary matrix

1 ≤ 𝑗 ≤ 𝑑 − 1
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Proof Outline

• Any 𝒏-qubit unitary can be decomposed into a product of 𝑂(22𝑛) block-diagonal matrices.

Want to find:

𝑈 = 𝑊2𝑛 ⋅ 𝑊2𝑛 ⋅ ⋯ ⋅ 𝑊2 ⋅ 𝑊1

⇒  𝑊2𝑛 ⋅ 𝑊2𝑛 ⋅ ⋯ ⋅ 𝑊2 ⋅ 𝑊1𝑈−1 = 𝐼

Derive on board: Multiply 𝑈−1 by 𝑊 matrices to obtain identity 𝐼 column by column. 

where 𝑊𝑖 as a product of 𝑂(2𝑛) block-diagonal matrices.
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Proof Outline

• Each block-diagonal matrices can be decomposed into a product of two-qubit gates.

Want to find (Derive on board):

• Γ𝑖 𝑉  as a product of permutations, and multi-controlled-V (Λ𝑛−1(𝑉)) gate.
• Permutations and Λ𝑛−1(𝑉) gates with two-qubit gates.

𝛤𝑗 𝑉 =

1
⋱

1
𝑣00 𝑣01

𝑣10 𝑣11

1
⋱

1

𝑉: 2 × 2 unitary matrix

1 ≤ 𝑗 ≤ 𝑑 − 1

Λ𝑛−1 𝑉 =

1
⋱

1
1

⋱
1

𝑣00 𝑣01

𝑣10 𝑣11

…

𝑉

Λ𝑛−1 𝑉  gate
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